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For every integer tz we denote by n the set {O, 1, . . . , n - 1). We denote by En]” 
the collection of subsets of ii with exactly k elements. We call the elements of [n]” 
k-tuples and write thein dlown as (a,, . . . , a,) in the natural order: a, < a, c 
l . l < ak < n. A colouting 04 [nlk by r colours is a map 
C:[nlk ---* (0,. . . , r- 1). 
For every k-tuple u we call C(u) the colour of u. A subset A of n is 
holnogetzeous for a given colouring if all the k-tuples of A are coloured by the 
same colour. 
With this notation we have 
Ramsey’s Theorem. For eruery I, k and r there is some n which is denoted by 
R(k, 1, r) such that every colouring of [nlk by r colours has homogeneous subset of n 
with I elements. 
A large proportion of thle literature on the subject deals with estimates to the 
growth of the function R. Mainly as a function of 1 with C; and r held fixed (see 
El]). It is the purpose of this paper to show that the growth of R as a function of k 
is as bad as can be expected. We show that (if k < I): 
(I_ 1)-r’*.. k s R(k, 1, 6 + 1) 
so that 
.2 
. . 
k 22 -- I k<R(k, k+l, 17). 
The proof follows the idea of lemma 2.8 in [2]. It was pointed out to us by J. 
Stavi that the same question was investigated by R. Statman with a different proof 
producing a result of the same kind (unpublished). 
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Lenmr~r 1[2; 2.71. Let C be d colouting of [nlk. Let A G N be a set of at Zeast k+ 1 
elements. If ever;y subset of A that has exactly k s elements is homogeneous, then A 
is homogeraeous. 
Roo!I. Assume that A is not homogeneous and that a, l l l ak are i,ts first k 
elements in their natural order. Among the k-tuples which have colour different 
from (a,, . . . , a,,) we choose the one (a,, . . . U, bi+lT . . . , bk) for which i (OS i< 
k) is as large as possible (remember that the tuple is written in the natural order). 
In particular (a,, . . . a, ~l~+~, bi+2, . . . , bk) is coloured similarly to the first k-tuple. 
We conclude that the following is a set of k + 1 elements which is not 
homogeneous: 
A ={a,, . . . @+I, bi+l, . . . bk} 
ILIUM 2. For every colouring C of [nlk by aa - 1 colours there is a colouring C’ of 
[nlk+’ by (r* + ‘1 colours such that every subset A of n that has more than k + 1 
elements i C-homogeneous if it is C’- homogeneous. 
proof, We have C:[n]” + & - 1. Every colour p (PQu” - 1) has a unique 
representation 
P = s(+s,a+ l l l +sa_,aa-’ 
where si<cu for i=O,...,ar-1. 
T 
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We colour [nlk by (Y colours Di (0 s i < a) as follows = 
Q((a,, . . . , a,)) = the ith Coefficient si in the representation Of C((a,, . . . , ak)) 
a.15 above. Thus it is clear that a subset A of n is homogenebxrs for C iff it is 
hlomogeneous for each Di. 
Next we define a colouring C’ of [nlk” by cu*+ 1 colours. Let these colours be 
represented by the LY* pairs (i, j) where i, j s< (Y and by the number 0. Wle define 
C((a 17**=, ak+*)) to be 0 if (a,, . . . , ak+l) is homogeneous for all the COlOUringS 
Di. Otherwise C’((U,, . . . ak9 a,+,)j = < i, Di((a,, . . . ak)) where i is the Smallest 
index such that (a,, . . . t&r ak+*) is not homogeneous for Die 
Clearly every subset of n with mnre i\\an k + 1 elements which is homogeneous 
for C is also homogeneous for C’ wrth all its k + 1 tuples coloured b::l 0. 
Conversely if A is a subset of n with more than k + 1 elements which is 
homogeneous for C’ such that all its j., + 1-tuples are coloured by 3 then A is 
C-homogeneous by Lemma 1. Therefore the lemma will be proved if we show 
that any set A with more than k + 1 elements which is homogeneous for C’ has all 
its tuples coloured 3y 0. 
Let 1% be such a set, a!, l l l ak+l its first elements and b its last one. If now 
uple of A is coloured by (i, s) the!) by the definition of C’{a, l l l ak+,z’ is not 
homogneous for Di. On the other hand Di(U, l l l iii l l l &+l)= s for every i 
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(where the hat means that Ui is omitted), because (a, l l l iii l l l o&+1, b) is col- 
oured (1’, s). Therefore {a, l l l (E~+~} is homogeneous for Di. This contradiction 
completes the proof of the lemma. 
Lemma 2 immediately yields 
Corollary. Ifk+l<l, then R(k+1,1,a2+1)~R(k,Z,a”-1). 
Next we use the corollary successively: Let e, = Y and e,,, = rem. 
Lemma 3. Ifra2, cua2 and k+s<I, theitz 
Rk 1, elts +l)<R(k+s,Z,e~+l). 
Proof. By induction on s. For s = 0 there is nothing to prove. Assume that the 
claim holds for s. Then 
R(k, 1, ea+s+i + 1)~ R(k, 1, e2;;- 1) 
*sR(k+l, Ire:+, +l)~ R(k+s+l,I.ez+l). 
This first inequality is the corollary above, the second is trivial with r 3 2, ar 3 2 
and the last one follows from the induction assumption. Therefore the claim holds 
also for s+l. 
Theorem. If k < I, then 
. - 
(I- l)f” s R(k, i, r2r + 1). 
Proof. By Lemma 3 with (x =2, k=l and s=k-1 we have 
R(l,l, &+I + l)G R(k, 1, r2r+ 1). 
But the Ramsey number on the left is simply (1- l)(eE+l + 1) + 1, which is bigger 
than the left side in the statement of the theorem, according to the definition of 
e a* 
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